Abstract-In this paper, we assess the effect of full-duplex (FD) radio in the context of millimeter-wave (mm-Wave) communications. Particularly, we propose an analytical framework, based on stochastic geometry, to evaluate the performance of heterogeneous FD-mm-Wave cellular networks for two user location-based classifications, namely cell-center users (CCUs) and cell-edge users (CEUs). Moreover, we evaluate the performance of the considered networks with successive interference cancellation (SIC) capabilities. Based on the proposed framework, analytical expressions for the coverage and sum-rate performance are derived. We investigate the impact of FD-mm-Wave communications on the network performance of CCUs/CEUs and quantify the associated performance gains under different network parameter settings. Our results demonstrate the beneficial combination of FD radio with heterogeneous mm-Wave cellular networks, since it increases the spectral efficiency but also alleviates the effects of the multi-user interference. Furthermore, we present the tradeoff between the coverage and sum-rate performance of heterogeneous FD-mm-Wave cellular networks for the considered user classifications. The results show that half-duplex mode is beneficial for the CEUs to achieve better network performance, as opposed to the CCUs for which FD mode is more efficient. Finally, we show the effectiveness of SIC on the network performance, with significant performance gains for the CEUs.
wave (mmWave) communications [3] , [4] and heterogeneous networks [1] . FD is a well investigated technology which could potentially double the spectral efficiency with respect to the half-duplex (HD) counterpart, as it employs simultaneous transmission and reception using non-orthogonal channels [5] . However, the non-orthogonal operation creates a loop-interference (LI) between the input and the output antennas. Due to the overwhelming negative effect of the LI at a transceiver, the FD technology has been previously regarded as an unrealistic approach in wireless communications. Recently, many methods have been developed which successfully mitigate the LI and make the FD technology feasible [6] .
The performance of FD radio in large-scale multi-cell networks is compromised by the increase of the intra-and outof-cell co-channel interference [2] , [7] , [8] . Several research efforts have been carried out to study the effect of loop-and multi-user interference on the FD performance for large-scale wireless networks, and several techniques have been proposed to alleviate the additional interference caused by the FD operation. In the context of cellular networks, the results in [9] showed the significance of directional antennas both in reducing the overall interference and in the passive suppression of the LI. The authors in [10] studied the performance of FD small-cells in ultra-dense networks and demonstrated the beneficial effect of multiple antennas in mitigating the additional interference introduced by the FD mode. Moreover, the authors in [11] studied a hybrid HD/FD cellular network and demonstrated the trade-off between the average spectral efficiency and coverage with respect to the number of FD base stations (BSs). In [12] , hybrid HD/FD multi-tier cellular networks are investigated and showed that the enhancement of the network throughput is achieved by the operation of different tiers at different duplex modes. Hybrid HD/FD cellular networks are also studied in [13] , where the authors considered both cell-center and cell-edge users together with design parameters such as pulse shaping and matched filtering; it is demonstrated that FD BSs with HD users provide higher performance than FD BSs and FD users.
MmWave communication is also a key enabling technology for next-generation wireless communications due to its abundant spectrum resources, which can lead to multi-Gbps rates [14] . As a result of their unique features such as directivity, sensitivity to blockages, and higher path losses, mmWave communications have fundamental differences with the current 0090-6778 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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sub-6 GHz communications [14] . Due to these differences, the unique features of mmWave communications are required to be considered in the design of network architectures and protocols to fully exploit the potentials of mmWave communications. Network densification is proposed to address the large path-loss attenuation of mmWave frequencies, by bringing the transmitter closer to the receiver. This results in increased reliability, improved spectrum efficiency, and increased network capacity. Another important technique to compensate the large path-loss attenuation is the employment of directional antennas, which becomes feasible due to the short wavelength of mmWave signals. In addition to the difficulties caused by the unique features of the mmWave signals, recent studies have shown that these features also cause a positive effect on the network performance, which is the mitigation of the overall interference [15] , [16] , [18] , [19] . Thus, the co-design of FD radio and mmWave networks is of critical importance in order to combat the severe multi-user interference caused by the FD technology by exploiting the prominent properties of mmWave communications. Even though FD radio is well-investigated for sub-6 GHz applications, there is minimal research on the effects of higher frequencies, i.e. mmWaves. The authors in [20] proposed a model to explore the viability of FD over the mmWave band. The implementation of FD-mmWave communication network in the context of ultra-dense small cell networks with relay nodes is investigated in [21] , where an overview of the challenges and solutions in terms of the energy efficiency is presented. The above studies focus on the average network performance of a user at a random location within a cell. However, the effect of the aforementioned techniques on the user's performance depend on its location. In particular, the users which are located near the serving BS, experience small path-loss attenuation thus the received signal power from the serving BS is significantly higher than the received interference. Nevertheless, the path-loss attenuation becomes more severe as the distance between the user and the serving BS increases, where beyond a critical point the user receives weaker signal power from the serving BS compared to the observed interference. Hence, each cell can be divided into two disjoint sub-regions based on the network topology, namely 1) cell-center region, in which the serving BS is significantly closer than the dominant interfering BS, and 2) cell-edge region, in which the distances of the serving BS and the dominant interferer are relatively equal. Users located in the cell-edge region suffer severe interference and experience lower signal-tointerference-ratio (SIR). This leads the cell-edge users (CEUs) to experience reduced coverage, which further downgrades their achievable rate. On the other hand, users located in the cell-center region, referred to as cell-center users (CCUs), experience better coverage compared to the CEUs. The classification of the users into two categories, namely the CCUs and CEUs, is studied in [22] for a grid-based modeled cellular network. In the context of stochastic-based modeled cellular networks, recent studies deal with the classification of the users, which is either based on an signal-to-interference-plusnoise ratio threshold [23] or the distance from the serving base station (BS) [24] . Even though the technologies of FD radio, mmWave communications and heterogeneous networks have been investigated in several works, their co-design, as well as the performance evaluation for different location-based user classifications in a heterogeneous cellular network has been disregarded.
Motivated by the above, in this paper, we study the coverage and sum-rate performance for each user classification in the context of heterogeneous FD-mmWave cellular networks. We adopt a system-level point of view by taking into account spatial randomness of BSs, users and blockages. Specifically, the main contributions of this paper are as follows:
• We propose an analytical framework based on stochastic geometry, which comprises the co-design of FD radio and heterogeneous mmWave cellular networks. The developed framework takes into account the ability of users to operate either in FD or in HD mode. The users employ distance-proportional fractional power control and are classified either as CCUs or CEUs based on their location within a cell. Based on the developed framework, the heterogeneous FD-mmWave cellular network performance is assessed under the different location-based user classifications and we show that the achieved performance largely depends on the user location within the cell. In addition, our results show that heterogeneous mmWave cellular networks can significantly improve the coverage and sum-rate performance of the FD systems, when compared to the conventional sub-6 GHz cellular networks.
• We evaluate the performance of the considered network under an ideal successive interference cancellation (SIC) technique for both the downlink (DL) and uplink (UL) transmissions, aiming to further enhance the network performance. With the intention of keeping low computational complexity, we assume that only the dominant interferer is eliminated without depriving from the network to achieve better performance. Our results show that with the employment of SIC, the observed interference from the users is significantly reduced, providing a noticeable increase to the performance regardless of the user classification, with significant performance gains for the CEUs.
• Analytical expressions for the coverage and the sum-rate performance are derived for the considered user classifications. Moreover, under specific practical assumptions, closed-form expressions for the Laplace transform of the received interference are derived. These closed-form expressions provide a quick and convenient methodology of evaluating the system's performance and obtaining insights into how key parameters affect the performance. In addition, for each user classification, we present the trade-off imposed by the FD operation of users between increasing the aggregate network interference and improving the average spectral efficiency. Specifically, FD operation is beneficial for the CCUs while HD operation is more preferable for the CEUs. Finally, analytical expressions of the coverage and the sum-rate performance for the case where the nodes have the ability to perform SIC are also derived. The rest of the paper is organized as follows: Section II introduces the network model together with the channel, blockage, antenna and power allocation models. Section III presents the user location-based classification and association criteria. Section IV provides the main results for the coverage and the sum-rate performance for each user classification in the context of heterogeneous FD-mmWave cellular networks, along with the scenario where the users perform the SIC technique. Simulation results are presented in Section V, followed by our conclusions in Section VI.
Notation:
denotes the probability of the event X and E[X] represent the expected value of X; B(R) denotes a circular area with radius R and N (A) represent the number of points in the area A; 1 X is the indicator function where 1 X = 1 if X is true, otherwise 1 X = 0, arctan φ is the inverse of the tangent function and 
II. SYSTEM MODEL
In this section, we provide details of the considered system model; the main mathematical notation related to the system model is summarized in Table I .
A. Network Model
The network is studied from a large-scale point-of-view using stochastic geometry. Consider a heterogeneous cellular network composed by K = {1, . . . , K} network tiers. The BSs belonging to the k-th tier are modeled as a homogeneous Poisson point process (PPP) Φ k with spatial density λ k BS/m 2 . Furthermore, the locations of the users follow an arbitrary independent point process Φ u with spatial density λ u k∈K λ k . We consider the scenario where all the BSs operate in FD mode. The users can operate either in FD or in HD mode (e.g. legacy terminals). A user operates in FD mode based on a predefined probability δ F , while an HD user can either operate in DL or UL with probabilities δ D and δ U , respectively. We assume that all FD nodes have both DL and UL communication links.
We assume multiple transmit/receive antennas at both the BSs and the users. To simplify the analysis, we make use of the approximation of an actual beam pattern using a sectorized model [18] . The antenna array gain for both the transmitter and the receiver is parameterized by three values: 1) mainlobe beamwidth θ ∈ [0, 2π], 2) main-lobe gain M (dB), and 3) side-lobe gain m (dB), where M > m. Thus, the antenna gain between a transmitter and a receiver, is a discrete random variable described by
We assume that perfect beam alignment can be achieved between each user and its serving BS using the estimated angles of arrival, resulting in an antenna array gain of M 2 , denoted by G 0 .
B. Channel and Blockage Model
All wireless signals are assumed to experience both large-scale path-loss effects and small-scale fading. Due to the ultra-dense deployment of BSs, the considered mmWave network deployment operates in the interference-limited region [17] , i.e. thermal noise is neglected. Specifically, the small-scale fading between two nodes is modeled by Rayleigh fading with unit average power, where different links are assumed to be independent and identically distributed. Hence, the power of the channel fading is an exponential random variable with unit mean, i.e. h ∼ exp (1) . For the large-scale path-loss, we assume an unbounded singular path-loss model, L(X, Y ) = X − Y −a which assumes that the received power decays with the distance between the transmitter located at X and the receiver located at Y , where a > 2 denotes the path-loss exponent. For simplicity, we denote as L 0 (X) = X −a the path-loss between the transmitter located at X and the user located at the origin. Regarding the LI, we assume that the FD-capable users and BSs employ imperfect cancellation mechanisms [25] . As such, we consider the residual LI channel coefficient to follow a Nagakami-μ distribution with parameters μ, σ 2 LI , where
characterizes the LI cancellation capability of both the BSs and the FD users. Therefore, the power gain of the residual LI channel follows a Gamma distribution with mean μ and variance
A link can be either line-of-sight (LoS) or non-LoS (NLoS), depending on whether the BS is visible to the user or not. In particular, a transmitter is considered LoS by a receiver, if and only if their communication link of length R is unobstructed by blockages. We define the LoS probability function p(R) as the probability that a link of length R is LoS. For the case where the blockages are modeled based on a rectangle boolean scheme [14] , it follows that p(R) = exp [−βR], where R denotes the distance between the receiver and the transmitter and β is determined by the blockage characteristics. In this paper, the interference effect from the NLoS signals is ignored, since the dominant interference is caused by the LoS signals [14] , [26] , [27] . Thus, for each network
is formed, based on the thinning property of the PPPs [28] . Then, the cumulative distribution function (cdf) of the distance R to the closest LoS BS from the k-th tier is P[R > r] = exp[−2πλ k U (r)] [14] , and the probability density function (pdf) of the distance R, is given by
where
C. Power Allocation
Due to the scarce power resources of battery-powered devices, the UL power control is of paramount importance in next-generation cellular networks [29] . Hence, we study the utilization of a power control scheme only for the UL transmission, while for the DL transmission we assume a fixed power transmission allocation scheme. We assume that all users utilize distance-proportional fractional power control in order to compensate the large-scale path-loss and maintain the average received signal power at their corresponding serving BSs equal to ρ [8] . To accomplish this, a user, which is at a distance R from its serving BS and with path-loss equal to R −a , adapts its transmitted signal power to ρR a , where 0 ≤ ≤ 1 is the power control fraction. Based on the general UL power control mechanism used in the Long-Term-Evolution (LTE) standard [29] , the transmission power allocated to a cellular user can be expressed as P u (R) = min{ρR a , P m }, where the users which are unable to fully invert the path-loss, transmit with maximum power P m . It is important to mentioned here that, for the case where = 1, the path-loss is completely compensated if P m is sufficiently large, and if = 0, no pathloss inversion is performed and all the users transmit with the same power. The considered distance-proportional UL power control technique only requires the knowledge of the locations of the BSs, opposed to the truncated channel-inversion power control scheme, that demands further computational resources for the channel estimation. This knowledge can be obtained by monitoring the locations of the BSs through a low-rate feedback channel or by a global positioning system mechanism [30] . For the DL transmissions, we consider a fixed power transmission allocation scheme, i.e. BSs from the k-th tier transmit with power P k , where P k > P i for k < i.
III. LOCATION-BASED CLASSIFICATION
AND ASSOCIATION CRITERIA In this section, we introduce the location-based classification as well as the association criteria of a user in a cellular network with K-tiers. We provide analytical expressions which will be useful for computing the coverage and the sum-rate performance in Section IV. Without loss of generality and by following Slivnyak's theorem, the analysis concerns the typical user located at the origin but the results hold for all nodes of the network. Throughout this paper, we will denote by r k the distance between the origin and a BS from the k-th tier that
A. Location-Based Classification
A mmWave channel has fewer multi-path components than a sub-6 GHz channel, hence the small-scale fading has a minor impact on mmWave signals, compared with the ones in the sub-6 GHz channels [27] . As a result, the dominant limiting factor for the performance of mmWave cellular networks is the path-loss attenuation, since the received signal power from a nearby LoS transmitter is almost deterministic [31] . Motivated by this, we adopt a location-based technique for the classification of the users, which provides a low implementation complexity and is not devoid of accuracy. We first define the cell-center and the cell-edge regions of a single-tier cellular network. The spatial partition of a cell into two disjoint sub-regions, center and edge region, aims to classify the users according to their location. The cell-center region is defined as the region in which the user has significantly smaller distance from its serving BS compared to the distance from the dominant interferer. On the other hand, a user is located in the cell-edge region, if the distances from the serving BS and the dominant interferer are relatively equal. For the considered scenario of a K-tier cellular network and due to the independence between the different network tiers, the classification is based on 2 K disjoint sub-regions of a cell. Fig. 1a shows a realization of a two-tier FD-mmWave cellular network, where macro-tier BS network (represented by rectangles) is overlaid with denser and lower power micro-tier BS network (represented by triangles). Fig 1a shows the edge region of the macro-tier network (represented by dots) along with the edge region of the micro-tier network (represented by circles). It can be easily observed that the users (represented by diamonds) can be classified into one of the following disjoint regions of a cell: 1) cell-center for both tiers, 2) cell-edge for both tiers, 3) cell-center for the macro-tier and cell-edge for the micro-tier, and 4) cell-edge for the macro-tier and the cell-center for the micro-tier. For example, User 1 is classified in the cell-center region for both network tiers, while User 2 is classified in the cell-center region of the macro-tier and in the cell-edge region of the micro-tier.
We denote as B k the region in which a user is classified with respect to the k-th tier. Based on the above, the user's overall classification region B is defined as the intersection of the regions B k in which a user is classified for the k-th tier, i.e. B = ∩ k∈K B k . Let C k and E k represent the cell-center and the cell-edge regions for the k-th tier, respectively. A user is presumed to be in the cell-edge region for the k-th tier, i.e. B k = E k , if its distances from the first and the second closest BSs are relatively equal; otherwise, the user is presumed to be in the cell-center region, i.e. B k = C k . Thus, a user is classified as CEU with respect to the k-th tier, if
> ζ otherwise as CCU, where R s and R d denote the distances of the first and the second closest LoS BSs and ζ ∈ [0, 1] is a predefined fraction. In Fig. 1a and Fig. 1b , it can be seen that the cell-edge region of the macro-tier and the cell-edge region of the micro-tier, monotonically decrease with the increase of threshold ζ. For example, for the scenario with ζ = 0.5, User 3 is classified in the cell-center region of the macro-tier and in the cell-edge region of the micro-tier, while for the scenario with ζ = 0.7, User 3 is classified in the cell-center region of both network tiers. Thus, ζ is a metric that determines the size of the cell-center and the cell-edge regions and consequently the classification of users. By using (2), the joint distribution of the distances R s and R d for the k-th tier, is given by
Let p B k denote the probability that a user is classified in the region B k with respect to the k-th tier. Hence, with the use of (3), a user is classified in the cell-center region for the k-th tier with probability
while a user is classified in the cell-edge region for the k-th tier with probability
Due to the independence between the network tiers, the overall classification of a user in the region B, occurs with probability p B , which is calculated as p B = k∈K p B k . In the following Lemma, we derive the distance distribution between a user and its serving BS from the k-th tier, given that the user is classified in the region B k .
Lemma 1: The pdf and the cdf of the distance between a user, which is classified in the region B k , and its serving BS from the k-th tier are given by
and
respectively, where
and p C k and p E k are the probabilities that a user is classified in the cell-center and the cell-edge region, respectively. Proof: See Appendix A.
B. Association Criteria
We consider weighted path-loss user association criteria for both the DL and UL transmissions. In the case where the user operates in FD mode, it can be served either by two different BSs for the DL and UL transmissions or by a single FD BS for both the DL and UL transmissions, i.e. three-node and two-node architectures, respectively [9] . For the DL transmission, we assume that the users are associated with the LoS BS that offers the strongest received power, since by adopting this association policy, the user achieves the highest DL coverage performance [18] . On the other hand, due to the user's limited transmit power, we assume that the users are associated with the closest LoS BS for the UL transmission.
Let x D , x U and χ k denote the serving BSs for the DL and the UL transmissions and the BS with the minimum path-loss from the k-th tier, respectively. Therefore, the association criteria for both the DL and the UL transmissions, can be described as follows
, and x U = arg min
For the case where a user is served by a single BS for both the DL and UL transmissions, this particular BS must satisfy both the expressions in (9) . The following lemma characterizes the joint DL and UL association probabilities of an FD and an HD user, with respect to the user's classification region. (10) , as shown at the top of this page, while for an HD user, the DL and the UL association probabilities are given by
Lemma 2: An FD user, which is classified in the region B, is served by a BS from the i-th tier for the DL and a BS from the j-th tier for the UL with probability that is given by
Pi ; f R (r i |B i ) and F R (r|B i ) denote the pdf and the cdf of the distance between a user and its serving BS from the i-th tier, respectively, which are given in Lemma 1.
Proof: See Appendix B.
IV. FD-MM-WAVE CELLULAR NETWORK
In this section, we analytically derive both the DL and UL coverage probabilities, as well as the sum-rate performance of a heterogeneous FD-mmWave cellular network for each user classification. Finally, we investigate the additional achieved gains on the network performance, by exploiting the ability of the nodes to perform a SIC technique.
A. Interference Characterization
Firstly, we investigate the received interference at the typical receiver (i.e., a user or a BS), where analytical and asymptotic expressions for the Laplace transform of the received interference are derived. The aggregate interference at the typical receiver can be expressed as follows
where P u (ȳ) = min{ρȳ a , P m } is the transmit power of the interfering user to its serving UL BS located at distanceȳ; h v and h y are the channel fadings of the typical receiver with BS at u and user at y, respectively, and Ψ k is the point process that represents the active LoS users associated with BSs from the k-th tier. The positions of the active users can be seen as a Voronoi perturbed lattice process which is not mathematically tractable. Hence, we adopt the approximation proposed in [32] and characterize the point process Ψ k as an inhomogeneous PPP with density Λ k (r) which is given by [32] 
where λ k δ U denotes the fraction of the BSs that serve their associated users for the UL transmission from the k-th tier and is based on the thinning property of the PPPs [28] .
In order to characterize the received interference for the DL/UL transmission, it is necessary to define the interference-free areas. For the case of the DL transmission, a user receives interference from both the BSs and the active UL users. From the association criteria in (9), we conclude that all BSs that cause interference from the k-th tier to the user have greater path-loss compared to the path-loss of the serving BS from the i-th tier. Hence, the locations of the interfering BSs from the k-th tier must satisfy the condition
Pi . Therefore, we have an interference-free area with radius r = D
On the other hand, a user receives interference from other active users that operate either in FD or in HD UL mode. Due to the assumption that the active interfering users are located outside of the cell, we model this repulsion between the users by assuming that the closest interfering user is at distance b u [8] . For the case of the UL transmission, there is no exact boundaries for the interference-free area around the typical BS as the users that cause interference can be arbitrarily close. However, with the use of the association criteria in (9), we can conclude that for a user which is located at y and is served by a BS from the j-th tier, 
and for the UL interference function, I U , is given by
Pi ; r i and r j are the distances of the serving BSs for the DL and UL transmission, which belong to the i-th and j-th tier, respectively, and
the fraction of the active interfering users.
Proof: See Appendix C. Recall that p(r) = exp [−βr] is the LoS probability function defined in Section III, and captures the effect of building blockages. Even through the expressions in Lemma 3 can be evaluated using numerical tools, this could be difficult due to the presence of multiple integrals. To address this, we simplify the analysis by considering different practical assumptions.
1) Special Case for the DL Transmission:
We consider a step function for the blockage probability [14] , i.e. p(r) = 1 r<RB where R B is the maximum length of an LoS link (i.e. R B ≈ √ 2/β [14] ) and assume that the effect of interfering active users is negligible. The validity of the assumptions will be shown in the numerical results. The Laplace transform of the DL interference function for a = 4, is given by
where (17) is derived with the use of [33, 3.194.5] . In order to further simplify the expression, we assume P i P k for k > i, thus D ik → 0, and the expression in (18) can be re-written as
2) Special Case for the UL Transmission: By taking into account the same assumptions as above, the Laplace transform of the UL interference function, can be approximated by
where (20) is derived with the use of [33, 3.194.1] . We note that the approximated Laplace transform expressions for the observed DL and UL interference provide an upper bound of the actual network performance, since with the aforementioned assumptions the actual aggregate network interference is underestimated. In addition, we can observe that the approximated Laplace transform expressions are relatively efficient to compute as they involve geometrical functions that can be easily evaluated.
Regarding the LI, let I D LI and I U LI denote the residual interference at the FD users and the FD BSs, respectively, after the LI cancellation. Since the residual LI incurred at a given receiver depends on its own transmit power, we define the residual LI power as follows
where P k is the transmit power of a BS in the k-th tier; h LI represents the residual LI channels at both the BSs and the users. We now proceed to the derivation of analytical expressions for the Laplace transform of the LI at the FD receiver for both the DL and UL transmissions.
Lemma 4: The Laplace transform of the observed LI function at an FD user, is given by
L I D LI (s) = μ μ + s D σ 2 LI P u (r j ) μ ,(22)
while the Laplace transform of the LI function at an FD BS from the i-th tier, is given by
where r j = x U ; (μ, σ
LI ) is the fading parameter for the LI channels of the FD BSs and users.
Proof: The expressions for both the DL and UL transmissions can be obtained: (i) by using the definition of the LI for both transmissions, and (ii) by applying the Alzer's Lemma [9] , in order to approximate the Gamma random variable that represents the LI channel with a weighted sum of the cdfs of exponential random variables.
B. SIR Distribution
In this section, we characterize the overall SIR complementary cdf. For the considered system model, the DL and the UL SIR for the typical receiver (i.e. a user or a BS), can be expressed as follows
, and γ
j are the serving BSs for the DL and the UL transmission, respectively, as defined in (9); I D and I U are the interferences caused in the DL and UL transmission, respectively (defined in Section IV-A), h 0 and h 0 are the channel fadings between the typical receiver and its serving BS and user, respectively, and 1 FD is the indicator function for the event "the typical user is FD-capable". 
C. Coverage and Sum-Rate Performance
We investigate the coverage probability of a user which is classified in the region B, for both the DL and UL transmissions of heterogeneous FD-mmWave cellular networks. The coverage probability for both the DL and UL transmissions, P D (B, τ) and P U (B, τ), respectively, is the probability that the SIR is greater than a threshold τ . In the following proposition, the conditional DL and UL coverage probabilities are derived, for an FD user which is served by a BS from the i-th tier for the DL and a BS from the j-th tier for the UL.
Proposition 1: The DL and the UL coverage probabilities of a user, which is classified in the region B, conditioned on the DL and the UL association criteria, are given by (25) and (26) , as shown at the top of this page, respectively, where 1 and b u is the repulsion parameter [8] .
G0Pu , L I D (·) and L I U (·) denote the Laplace transform function of the observed interference for the DL and the UL transmission, respectively, and are given in Lemma 3; f R (r i |B i ) denotes the distance distributions which is given in Lemma
Proof: See Appendix D.
Note that, for the scenario of an HD user, σ 2 LI = 0 applies, and thus the term referring to the Laplace transform of the LI function in expression (25) becomes zero, and the coverage performance for the considered scenario is denoted as P D i (B, τ). The following theorem presents the expressions for the DL and the UL coverage probability for the typical user which is classified in the region B.
Theorem 1: The DL coverage probability of a user, which is classified in region B, is given by (27) while the UL coverage probability is given by
the coverage probabilities of an FD user for the DL and the UL transmission, respectively, conditioned on the DL and the UL user association criteria and are given in Proposition 1.
Proof: We first determine the DL coverage probability of an FD user. The conditional DL coverage probability of an FD user, which is served by a BS from the i-th tier for the DL and a BS from the j-th tier for the UL, is given by (25) . The sum over all possible association scenarios with their corresponding probabilities provides the DL coverage probability of an FD user. The same is valid for the HD users and the FD BSs, and thus the expressions in Theorem 1 are derived.
It is important to mention here that, as a node's ability to cancel the LI decreases, i.e. σ 2 LI → ∞, the LI overcomes the received signal power. For the DL case, this results in a zero coverage probability for the FD users. Specifically, the first term of expression (27) becomes zero, and the expression (27) is simply given by
On the other hand, for the UL case, the coverage performance of the BSs, i.e. expression (28) , is zero since all BSs operate in FD mode. An equally important performance metric is the sum-rate performance (bits/sec/Hz). We use the derived SIR distribution framework to obtain analytical expressions for the sum-rate performance of the typical user in the context of the presented heterogeneous FD-mmWave cellular network. Using the coverage probability, we can now derive the average spectral efficiencies achieved by the FD and HD users, which are provided in the following theorem.
Theorem 2: The DL and the UL rate performance of an HD user, which is classified in the region B, can be expressed as
while the sum-rate performance of an FD user, which is classified in the region B, can be expressed as
where P D (B, τ) and P U (B, τ) express the coverage probability for the DL and the UL transmissions, respectively, for a user which is classified in the region B.
D. Successive Interference Cancellation
In this section, we study how the SIC technique affects the coverage and the sum-rate performance of interference-limited heterogeneous FD-mmWave networks. The analysis will be presented for the DL transmission but the results similarly apply for the UL transmission. We assume that each user has the ability to implement an ideal SIC in accordance to [34] . In addition, due to the weaker transmission power of the users, we assume that the interference effect from neighboring users is negligible and the dominant interference is caused by the BSs. This could also be guaranteed by a protocol that prohibits the selection of active nearby users [35] . Furthermore, we investigate the worst case scenario, where the link between the user and the dominant interfering BS lies in the boresight direction of the antennas of both nodes, resulting in a link gain of M 2 . The main idea of SIC is to decode the dominant interference signals caused by the interfering BSs and subtract them from the received signal, resulting in an increase of the observed SIR. In order to keep both the computational complexity and power consumption at low levels, we assume that SIC is performed to cancel the dominant interferer. Specifically, the user attempts to decode the received signal without any interference cancellation. If this attempt is unsuccessful, the user seeks to decode the dominant interfering signal, subtract it from the received signal, and then re-attempt to decode the resulting received signal. If the user fails to decode the received signal, then the user is considered to be in outage. Based on the sequence of the aforementioned events, the DL coverage performance of a SIC-enabled user which is classified in the region B, conditioned on the user's DL and UL serving BSs, is given by (33) where P D,dec ij (B, τ) and P D,suc ij (B, τ) denote the success probability to cancel the strongest signal and the success probability of a link after successfully canceling the dominant interferer, respectively, conditioned on the user classification. Intuitively, since the user is able to successfully cancel the strongest interfering BS, the observed interference by the typical user is changed. Let Ω = k∈K Φ k \ {x D } denote the set of interfering BSs. Then the set of interferers after cancellation of the strongest interfering BS is represented by Ω = Ω\{X d }, where X d denotes the location of the strongest interfering BS. In order to show the impact of SIC technique, we consider an ultra-dense scenario, where the radius of interference-free area is derived by using the displacement theorem [36] and is equal to
. Hence, the Laplace transform of the aggregate interference after the cancellation of the strongest interferer, denoted as I Ω , is given by
where p(r) = exp [−βr] and Ξ(r) is given by (16) . A SIC-enabled user firstly attempts to decode and cancel the dominant interfering signal. The success probability of a user attempting to decode and cancel the strongest interfering BS, is given by [18] 
where P
D,dec ij
(τ, k) denotes the probability of a user to successfully decode the dominant interfering BS from the k-th tier that is located at X d . This probability can be calculated as follows
. To find the unconditional success probability, the expectation should be taken with respect to the distance to the strongest interferer, i.e. the second-closest BS. The probability that two points are located in a circular area with radius r d = X d around the typical user, i.e. the serving BS and the dominant interferer, is given by [28] 
Then, the pdf of the second-closest BS from the k-th tier that is located at X d , is given by,
Thus, the success probability of a user to decode the dominant interference from the k-th tier is given by (39), as shown at the top of the next page.
After successfully decoding and canceling the strongest interfering BS, the typical user subtracts it from the
received signal and then re-attempts to decode the resulting received signal. The probability of successfully decoding the desired signal, after canceling the strongest interferer, can be derived by following a similar methodology as in Appendix D and can be expressed as
where SIR ij denotes the achieved SIR after the cancellation of the dominant interferer and
PiG0 . Thus, the probability of successfully decoding the desired signal, after canceling the strongest interferer, is given by (40), as shown at the top of this page. The same methodology can be performed for the DL coverage probability of an HD user, without the existence of the LI. Due to space limitation, the analysis of this case is omitted. In the following theorems, we define the coverage and the sum-rate performance of a SIC-enabled user in the context of the considered network, for each user classification.
Theorem 3: The DL coverage performance for a SIC-enabled user, which is classified in the region B, is given by
where P (34) .
Following a similar procedure as described above, the UL coverage probability for a SIC-enabled FD user can be derived. Due to space limitation, the analysis for the UL transmission is omitted. The following Theorem presents the sum-rate performance of an FD and HD link for the case where the user is able to implement the SIC technique for each user classification.
Theorem 4: The DL and UL rate performance of an HD SIC-enabled user, which is classified in the region B, can be expressed as
while the sum-rate performance of an FD SIC-enabled user, which is classified in the region B, can be expressed as
where P D (B, τ) and P U (B, τ) express the coverage probability for the DL and the UL transmissions, respectively, of an SIC-enabled user which is classified in the region B.
V. NUMERICAL RESULTS
In this section, we provide numerical results to verify our model and illustrate the impact of implementing a heterogeneous FD-mmWave cellular network on the performance of CCUs and CEUs. We focus on the special case of a heterogeneous network with K = 2 tiers, where the density of the first and the second tier is λ 1 = 31 BSs/km 2 and λ 2 = 93 BSs/km 2 , respectively, with transmit power equal to P 1 = 15 dBm and P 2 = 5 dBm, respectively [14] . For the considered network deployment, a user can be classified as: 1) CCU for both the network tiers (scenario "CC"), 2) CCU for the macro-tier and CEU for the micro-tier (scenario "CE"), 3) CEU for the macro-tier and CCU for the micro-tier (scenario "EC"), and 4) CEU for both the network tiers (scenario "EE"). The path loss exponent is set to a = 4. The power control factor is = 0.9 and all BSs have the same receive sensitivity ρ = −40 dB [8] . The SIC capabilities of BSs and users are set to σ 2 LI = −60 dB and μ = 4 [8] . The parameters for the sectorized antenna model are set to M = 10 dB, m = −10 dB and θ = π 6 for the main lobe gain, the side lobe gain and the main lobe beamwidth, respectively [26] . Unless otherwise specified, the fraction of FD users is set to δ F = 0.8 and the fractions of HD users that operate in DL and in UL direction are set equal to δ D = δ U = 0.5; b u = 40 m and ζ = 0.7. It is important to note that the selection of these parameter values is for the purpose of presenting the achieved performance of our proposed framework. Using different values will lead to a shifted network performance, but with the same conclusions. Fig. 2a illustrates the achieved coverage performance for both the DL and UL transmissions for all four user classifications. As expected, for the scenario CC, the achieved DL and UL coverage performances are the highest among the four classifications since the serving BSs for the DL and the UL transmission are closer to the user compared to the interfering BSs and users. On the other hand, the scenario EE results in the worst DL and UL coverage performance due to the significantly higher received interference compared to the received signal strength. Furthermore, it is clear from the curves that for the scenarios CC and CE, where the user is classified as CCU for the tier with the highest transmit power, the user achieves significantly higher DL and UL coverage performance compared to the scenarios EC and EE for small coverage thresholds. This observation can be explained by the fact that the dominant interfering BS, which is the BS with the highest transmit power, is at greater distance from the user and thus causes less interference. However, beyond a critical threshold value, the DL and UL coverage performances achieved by a user for the scenarios CE and EC are relatively equal. Finally, the agreement between the theoretical curves (solid and dashed lines) and the simulation results (markers) validates our mathematical analysis. Fig. 2b shows the effect of power control on the achieved sum-rate performance for the considered user classifications. We can easily observe the positive effect of power control on the network's sum-rate performance. As expected, by increasing the power control factor , the ability of users to compensate the path-loss is also increased that leads to a better UL coverage performance and consequently a significantly increased sum-rate performance. Similarly to the previous figure, Fig. 2b also demonstrates the fact that the achieved sum-rate performance of a user for the scenario CC, exceeds the performance of the other user classifications and the achieved sum-rate performance of the scenario EE is the worst. Furthermore, Fig. 2b demonstrates the increased sum-rate performance due to the ability of users to implement the SIC technique. This observation has been expected, since by decoding and subtracting the strongest interfering signal, the received interference by the users is noticeable weaker resulting in the improvement of the observed SIR. We also Fig. 3 . DL coverage performance versus blockage constant (β) for the considered user classifications; τ = 0 dB. For the multi-cosine antenna pattern [26] , we assume that each network's node is equipped with 256 antenna elements.
numerically investigate an imperfect SIC scheme, where we assume that the interference caused by the dominant BS is canceled imperfectly. As such, we consider the channel coefficient of the residual interference after cancellation, to follow a complex Gaussian distribution with zero mean and variance σ 2 SIC (similar to the residual LI [25] ). In Fig. 2b , we consider σ 2 SIC = −60 dB and show the achieved sum-rate performance of the imperfect SIC scheme for the EE scenario. As expected, its performance is upper bounded by the achieved performance of the perfect SIC scheme, and lower bounded by the achieved performance without the SIC scheme. Note that the performance of the imperfect SIC scheme will be similar for the other scenarios. Moreover, Fig. 2b demonstrates the impact of interfering users on the network performance as well as the adoption of the simplified blockage model. The small deviation from the theoretical curves indicates that, the interference caused by the active users is negligible compared to the interference caused by the interfering BSs due to the user's smaller transmit power. Finally, the adoption of the simplified blockage model provides lower complexity methodology for evaluating the system performance, without being significantly deficient in accuracy. Fig. 3 reveals the impact of blockages on the network's DL coverage performance. It is interesting to note that at low blockage constant values, the existence of blockages improves the network performance. However, by increasing the blockage constant beyond a critical point, the network performance decreases. This observation is based on the fact that at low blockage constants, the interfering signals from LoS BSs are blocked, while the users are still able to communicate with their serving LoS BS. In contrast, for high blockage densities, the communication of the users with LoS BSs becomes impossible and thus the coverage probability significantly decreases. Another important observation is the significant impact of increasing the blockage density on the achieved performance for the EE scenario. This behavior of coverage performance is based on the fact that as the distance between a user and its serving BS increases, user's performance is highly compromised by the increased number of blockages in the area due to the increased probability of the desired links to be blocked. It is important to mention here that the blockage constant has similar effect on the UL coverage performance for all user classifications, thus the curves for the UL transmission are omitted. In addition, we numerically investigate the impact of a more accurate antenna pattern on the coverage performance by using the multi-cosine antenna pattern [26] . As expected, the multi-cosine antenna model outperforms our simplified antenna model, yielding a tight upper bound for the achieved coverage performance. This is due to the fact that the simplified antenna model quantizes the continuously varying antenna array gains in a binary manner, overestimating the impact of the observed interference. Finally, it can be easily observed that the achieved performance corresponding to the multi-cosine antenna model follows the same trends with the simplified antenna model, and thus we further support our main conclusions and remarks.
Figs. 4a and 4b show the effect of the residual LI on the coverage and the sum-rate performance. We can easily observe that by increasing the ability of the users to cancel the LI, i.e. σ 2 LI → −∞, both the coverage and sum-rate performance of the considered network are increased. This observation was expected, since by decreasing the residual LI at the BSs and the users, the aggregate received interference at the nodes is decreased, and therefore an increased SIR is observed. On the other hand, as user's ability to cancel the LI decreases, the DL coverage performance converges to a constant floor while the UL coverage performance becomes zero. This again is expected, since the severe LI causes zero coverage probability when a node operates in the FD mode, thus the overall coverage performance is solely due to the nodes which operate in HD mode. In Fig. 4b , we can easily observe that the sum-rate performance is independent from the ability of users to cancel the LI for the case where all the users operate in HD mode, i.e. δ F = 0. Finally, it is clear from Fig. 4b that if the users have high LI cancellation capabilities, the highest sum-rate performance can be achieved, when all the users are operating in FD mode. For the case where the users have low LI cancellation capabilities, all the users must operate in HD mode in order to achieve the highest sum-rate performance.
Figs. 5a and 5b show the trade-off between the sum-rate performance and the DL and UL coverage performance with respect to the fraction of FD users, respectively. Each point in the curves represents the trade-off between the two performance metrics for a given fraction of FD users. An important observation from these figures is that for the scenarios CE, EC and EE, and at low fraction of FD users, the operation in FD mode improves the coverage performance. This observation can be explained since by increasing the probability of the user to operate in FD mode, the dominant interfering BS tends to become a serving BS, thus the observed SIR is increased due to the reduced interference. However, by increasing the fraction of FD users beyond a critical point, the network performance decreases due to the increased multi-user interference. In addition, the reduction in the DL coverage performance is mainly observed in the scenarios EC and EE, in which the users are more vulnerable in interference changes due to their small distances from the BSs that cause interference. Conversely, the increased number of FD users causes a weak decrease in the DL coverage performance for the scenarios CC and CE. On the other hand, the increased number of transmissions in each direction, positively affects the sum-rate performance. Specifically, the scenarios CC and CE achieve greater sum-rate performance gains compared to the scenarios EC and EE. The same behavior is also observed in Fig. 5b , which shows the trade-off between the sum-rate performance and the UL coverage probability. It is important to mention here that this conclusion also applies for scenarios with higher number of network tiers, i.e. K > 2.
VI. CONCLUSION
In this paper, we proposed an analytical framework based on stochastic geometry and studied the performance of heterogeneous FD-mmWave cellular networks. The developed framework takes into account the ability of users to operate either in FD or in HD mode and their classification either as CCUs or CEUs for each network tier. We derive analytical expressions for both the coverage and sum-rate performance for each user classification and the impact of blockage density, power control, residual LI and fraction of FD users has been discussed. Aiming to further boost the achieved performance, a SIC mechanism has been integrated to mitigate strong interference terms. Our study reveals that HD is beneficial for CEUs since it offers better coverage performance. On the other hand, FD provides a significantly larger sum-rate performance to CCUs, with the cost of a slightly reduced coverage performance. Finally, we have shown that the combination of FD radio with mmWaves provides significant gains to cellular networks, as it can potentially double the network's spectral efficiency as well as mitigate the severe multi-user interference.
APPENDIX A PROOF OF LEMMA 1 Let R c be the random variable representing the distance of a CCU from the associated BS from the k-th tier. Then, the probability that R c is greater than r becomes
Therefore, the probability density function of R c for network tier k becomes
Now, let R e be the distance of a CEU from the associated BS from the k-th tier. The probability that R e is greater than r becomes
Hence, the probability density function of R e for the k-th tier becomes f R (r|B k ) = 2πλ k r e 
where (a) follows from: (i) the fact that the minimum distance to a BS from a PPP Φ k is distributed with cdf P min x∈Φ L k ≤ t = 1 − F R (t|B k ) and (ii) the independence between the network tiers, (b) follows since the expectation in (a) is with respect to r i and r j , which denote the distances to the serving BSs. Its important to note here, that for the case where i < j, the joint association probability is Π Also, let us assume that the user is associated for the UL transmission with the BS from the i-th tier, which is the closest to the user, i.e. r i < r j . Thus, due to the fact that P i > P j , the received signal power from the i-th tier is definitely larger than the received signal power from the jth tier, i.e. P i r −a i > P j r −a j . The joint association probability of the event x D = x U = x 0 , i.e. i = j, given that x 0 belongs to the i-th tier, follows the conditions: (i) x D = x U = x 0 , (ii) x 0 meets the criterion in (9) for DL, i.e. P By following a similar methodology as above, the DL and UL association probabilities of an HD user can be obtained by investigating the DL and UL transmissions, separately. Initially, for the DL association probability, a user associates with a BS x D ∈ Φ L i , which meets the criterion for DL in (9), i.e. P
Thus, the event for the DL association probability can be expressed as
A similar methodology is followed for obtaining the UL association probability. 
By using the probability generating functional (PGFL) of PPP and the moment generating function (MGF) of an exponential random variable, we obtain the expression (14) . The Laplace transform of UL transmission can be expressed by following a similar methodology. Hence, the expressions in Lemma 3 are derived.
APPENDIX D PROOF OF PROPOSITION 1
First, we focus on the scenario of an FD user that is served by a BS from the i-th tier for the DL and by a BS from the j-th tier for the UL. Let r i = x D and r j = x U , then the DL coverage probability is given by
The conditional DL coverage probability, P γ 
where ( G0 Pi . The UL coverage probability can be also obtained by following a similar procedure as described above. Hence, the expressions (25) and (26) are derived.
